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poly.edu (M. Aureli), mporﬁri@poly.edu (M. Porﬁri).This work analyzes nonlinear buckling of a single spherical shell imperfectly bonded to an inﬁnite elastic
matrix under a compressive remote load. The inclusion is modeled using a nonlinear shell formulation
and the matrix is treated as a linear elastic body. Imperfect bonding conditions are realized through a lin-
ear spring interface model. A variational method is used to derive the governing differential equations,
which are cast into a tractable set of nonlinear algebraic equations using the Galerkin method. An incre-
mental iterative technique based on the modiﬁed Newton–Raphson method is employed to ﬁnd the crit-
ical load of the system. The accuracy and convergence properties of the proposed method are validated
through ﬁnite element analysis. The study is relevant to the analysis of compressive failure of syntactic
foams used in marine and aerospace applications. Results are specialized to glass particle-vinyl ester
matrix syntactic foams to test the hypothesis as to whether microballoons’ buckling is a dominant failure
mechanism in such composites under compression. Parametric studies are conducted to understand the
effect of interfacial properties and inclusion wall thickness on the overall mechanical behavior of the
composite. Comparisons between analytical ﬁndings and experimental results on compressive response
of syntactic foams and isolated microballoons indicate that inclusion buckling is unlikely a determinant
of compressive failure in vinyl ester-glass systems. In particular, the matrix is found to exert a beneﬁcial
stabilizing effect on the inclusions, which fail under brittle fracture before the onset of buckling.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Syntactic foams are a class of particle reinforced composites
synthesized by dispersing hollow microspheres in a matrix with
the twofold purpose of: (i) reducing the material density by
replacing the matrix with voids entrapped in the microballoons
and (ii) improving the mechanical properties of the matrix
through the particle reinforcement, see for example Gladysz and
Chawla (2004), Narkis et al. (1984), Rutz and Berg (2010), and
Shutov (1986). Further, voids in the microballoons are responsible
for beneﬁcial dimensional stability of the composite, controlling
moisture absorption and thermal expansion properties, see Gupta
and Woldesenbet (2003), Shunmugasamy et al. (2012), Sauvant-
Moynot et al. (2006), and Tagliavia et al. (2012).
Syntactic foams’ properties can be effectively tailored by proper
selection of constituent materials, particle volume fraction, and
particle wall thickness, see for example Aureli et al. (2010),
d’Almeida (1999), Gupta and Woldesenbet (2004), Islam and Kim
(2007), John et al. (2007), Marur (2005), Porﬁri and Gupta (2009),ll rights reserved.
: +1 718 260 3532.
Shams), maurel01@students.Woldesenbet and Peter (2009), and Zouari et al. (2008). Because
of their propitious characteristics, syntactic foams ﬁnd application
as core materials for sandwich panels in marine and aerospace
structures, see for example Bardella and Genna (2001), Gladysz
et al. (2006), Gupta and Woldesenbet (2003), Gupta et al. (2010),
and Sagi-Mana et al. (1998).
The design of such sandwich structures demands a thorough
understanding of the failure mechanisms of syntactic foams under
compressive loading. Experimental efforts have identiﬁed inclu-
sion volume fraction and wall thickness to be inﬂuential parame-
ters on different failure modalities of syntactic foams, see for
example Koopman et al. (2006), Gupta et al. (2001, 2010), Gupta
and Woldesenbet (2004), Papa et al. (2001), and Rizzi et al.
(2000). Speciﬁcally, experimental studies focusing on failure of vi-
nyl ester-glass and epoxy-glass syntactic foams in compression
have established that failure of the composite is regulated by par-
ticle crushing, see for example Gupta et al. (2010).
In an effort to elucidate the different failure mechanisms of the
inclusion phase, the mechanical behavior of single microballoons
under uniaxial compression, obtained by two parallel plates con-
trolled in displacement, is studied in Carlisle et al. (2007). Therein,
ﬁnite element simulations are used to investigate the stress ﬁelds
in the microballoons and correlate failure mechanisms to experi-
A. Shams et al. / International Journal of Solids and Structures 50 (2013) 2310–2327 2311mentally observed deformations. It is determined that different
microballoon radius-to-thickness ratios can elicit qualitatively dif-
ferent failure modes, that is, brittle fracture for relatively thick par-
ticles and buckling failure for thinner microballoons. These
ﬁndings are qualitatively in line with classical analytical investiga-
tions on buckling of thin spherical shells under hydrostatic loading,
see for example Timoshenko and Woinowsky-Krieger (1964).
An analytical treatment of the buckling of a spherical shell
embedded in an elastic medium under uniaxial stress at inﬁnity
is proposed in Jones et al. (2008). The analysis presented therein
is based on thin shell theory and perfect bonding conditions at
the inclusion-matrix interface. A linear analysis is utilized to com-
pute the pre-buckled conﬁguration of the shell and a simpliﬁed
expression for the elastic energy associated with the virtual dis-
placements is employed for the computation of the critical load.
Further analytical developments based on perturbation methods
and resting upon the same model are presented in Jones et al.
(2009). Buckling of structures embedded in inﬁnite media has been
the subject of several research efforts, see for example Bagheri-
zadeh et al. (2011), Ghorbanpour Arani et al. (2009), and Taj and
Zhang (2011). For example, in Taj and Zhang (2011), buckling of
microtubes embedded in an elastic medium is investigated by
using an orthotropic shell model. In Zhang et al. (2006), buckling
of a long double walled carbon nanotube with perfect bonding to
an elastic medium is analyzed under the hypothesis of far ﬁeld
hydrostatic load. In Luo and Teng (1998), the buckling of shells of
revolution on nonlinear elastic foundations is studied by consider-
ing a Winkler model which incorporates nonlinear springs.
A common feature of these works is the modeling assumption
of perfect bonding between the inclusion and the matrix, see for
example Jones et al. (2008) and Jones et al. (2009). For syntactic
foams, however, inclusion-matrix interface conditions have been
shown to signiﬁcantly affect the mechanical behavior of the com-
posite, see for example Marur (2009), Tagliavia et al. (2010), and
Tagliavia et al. (2011b). In Marur (2009), a compliant inclusion-ma-
trix interface is adopted to illustrate the inﬂuence of the bonding
stiffness on the effective bulk modulus and Poisson’s ratio of syn-
tactic foams. In Tagliavia et al. (2010) and Tagliavia et al.
(2011b), the effect of particle–matrix interfacial debonding on
the tensile response of syntactic foams is elucidated by considering
a single hollow inclusion with spherical-cap cracks embedded in a
dissimilar matrix material.
Several approaches have been proposed in the literature to
model imperfect bonding conditions at the inclusion-matrix inter-
face. In such models, the traction–displacement relationship and
displacement discontinuity across the interface determine the
interface constitutive relation. The linear spring interface model
is widely employed to describe the interface response, see for
example Hashin (1991), Hashin (2002), Marur (2009), and Wang
et al. (2005). An alternative approach is proposed in Yu (1998),
where a dislocation-like model is employed to study the effect of
imperfect interfaces on load transfer between two surfaces. In Levy
(1991), the debonding of planar elastic inclusions is studied by
extending the classical Eshelby problem to include displacement
jumps at the inclusion-matrix interface for arbitrary interface force
law and inclusion geometry. Linear spring, dislocation-like, free
sliding, and interface stress models are considered in Duan et al.
(2005) to investigate the effect of various interfaces on the stress
ﬁelds of inhomogeneities embedded in inﬁnite media. A three
stage nonlinear interface model for particle–matrix interfaces is
proposed in Tan et al. (2007) to study the macroscopic behavior
of the composite. The problem of inclusion-pair interaction under
the effect of nonlinear interface is addressed in Levy and Hardikar
(1999). These problems share similarities with the study of face-
core interface failures in sandwich composites, where traction-sep-
aration laws are employed to relate tensile strength and work offracture in the so-called cohesive zone, see for example Carlsson
and Kardomateas (2011). However, the inﬂuence of bonding condi-
tions at the inclusion-matrix interface on buckling of syntactic
foams has not been addressed in the literature notwithstanding
the potential relevance to applications.
In this work, we study nonlinear axisymmetric buckling of a
single spherical shell imperfectly bonded to an inﬁnite elastic ma-
trix under a compressive remote load. We employ a nonlinear
shell formulation based on Donnell’s theory, see Amabili (2008),
to derive stress and displacement ﬁelds in the inclusion. We
use the classical linear spring model introduced in Hashin
(1991) to enforce traction continuity between the shell and ma-
trix. Within this model, interfacial bonding depends on two
parameters describing the radial and shear stiffness of the inter-
face. By varying these parameters, perfect bonding or complete
debonding for the inclusion can be speciﬁed, see for example
Marur (2009). We derive the nonlinear shell equations by
employing a variational approach and we use a Galerkin projec-
tion method to cast the governing nonlinear shell equations into
a manageable algebraic form. We follow the approach presented
in Tagliavia et al. (2010), whereby the classical solution in Lur’e
(1964) is utilized to compute the deformation of the matrix mate-
rial in terms of the traction ﬁeld at the particle–matrix interface
and the remote stress. This allows for the direct incorporation
of the matrix compliance in the present nonlinear algebraic for-
mulation, which thus becomes amenable for efﬁcient numerical
investigation. An incremental iterative technique based on the
modiﬁed Newton–Raphson method is developed to ﬁnd the dis-
placement and stress ﬁelds in the shell. We identify the structural
instability of the system under remote compressive loading by
analyzing the eigenvalues of the tangent stiffness matrix stem-
ming from the linearization in the Newton–Raphson scheme.
Analytical results are validated against ﬁnite element analysis
ﬁndings for the limiting case of perfectly bonded interface and
pertinent convergence studies are presented. We perform para-
metric studies to investigate the inﬂuence of the shell thickness
and interface stiffness parameters on the overall mechanical
behavior of the composite and, by focusing on the embedded
shell, on critical loads and buckling patterns, stress ﬁelds, and dis-
placement jumps at the interface. In summary, the main technical
contribution of this paper is the use of a geometrically nonlinear
theory to track nonlinear axisymmetric buckling of a spherical
shell embedded in an elastic matrix undergoing small deforma-
tions, with imperfect interface. Extensive numerical investigations
indicate that the proposed approach, which is based on a full
nonlinear theory differently than recent efforts in this area (Jones
et al., 2008, 2009), can be used to study the critical load of a thin
shell embedded in an elastic matrix for a wide set of physical and
geometric parameters.
The study is relevant to the analysis of compressive failure of
syntactic foams used in marine and aerospace applications. Results
are specialized to glass particle-vinyl ester matrix syntactic foams
to test the hypothesis as to whether microballoons’ buckling is a
dominant failure mechanism in such composites under compres-
sion. We ﬁnd that bonding conditions at the inclusion-matrix
interface play an important role in shaping the mechanical re-
sponse of syntactic foams under compression. In addition, compar-
isons of the analytical ﬁndings against published experimental
results on compressive strength of syntactic foams are used to
ascertain the possibility of buckling of microballoons. Results indi-
cate that inclusion buckling is unlikely a determinant of compres-
sive failure in vinyl ester-glass systems. Further, by considering
buckling of isolated microballoons, we ﬁnd that the polymeric ma-
trix produces a beneﬁcial effect towards stabilizing the inclusion’s
mechanical response which fails under brittle fracture before the
onset of buckling.
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problem statement. In Section 3, we recall the elasticity solution
for the matrix from Tagliavia et al. (2010) and we derive the non-
linear shell equations employed in our formulation. In Section 4,
we describe the governing equations and the solution method for
the nonlinear shell equations; moreover, we introduce the proce-
dures for ﬁnding the displacement and stress ﬁelds in the shell
and the instability point of the system. In Section 5, we report a
series of parametric studies to ascertain the effect of the shell
thickness and interface properties on the overall mechanical
behavior of the composite and the shell response. Therein, we elab-
orate on the possibility of composite failure by inclusion buckling
through comparisons with experimental ﬁndings. Conclusions are
reported in Section 6. Further, in Appendix A, we present a valida-
tion of the analytical scheme through ﬁnite element analysis along
with a convergence study. Details of the implementation of the
analytical procedure are discussed in Appendix B.
2. Problem statement
We consider a single hollow spherical inclusion with mean ra-
dius R and wall thickness h embedded in an inﬁnitely extended
elastic matrix. A schematic view of the system under analysis is
displayed in Fig. 1 along with a Cartesian coordinate system
ðx; y; zÞ with its origin in the center of the inclusion. The matrix is
loaded by a remotely applied compressive uniaxial stress r1 in
the direction of the y axis and we assume that the inclusion is
bonded to the matrix through an imperfect interface layer of zero
thickness. The constituents’ materials are assumed to be homoge-
neous and isotropic. We analyze the system through the spherical
coordinates ðr; h;/Þ, where r is the radial coordinate, h is the zenith
angle (colatitude), and / is the azimuth angle (longitude), see for
example Tagliavia et al. (2010). We refer to the north and south
pole of the sphere as the points at y ¼ R, respectively, that is, at
h ¼ 0 and p, respectively. Similarly, the equator of the sphere is
the great circle in the plane y ¼ 0, that is, h ¼ p=2. Throughout this
work, quantities referring to the spherical inclusion and the matrix
are described by subscripts s and m, respectively.
Cylindrical symmetry with respect to the y axis implies that the
displacement component along the azimuth direction v/ is zero
and that the radial and meridional components of the displace-
ment, that is, v r and vh, respectively, are independent of /. Further-
more, at every point in the domain, the / direction is a principal
stress axis and the state of stress in the orthogonal plane
/ ¼ const, described by the radial stress rrr and the shear stressFig. 1. Schematic depiction of the system geometry and nomenclature.srh, is independent of /. Therefore, the original three dimensional
problem is reduced to a two dimensional problem. In particular,
by following Tagliavia et al. (2010), symmetry with respect to the
y axis is expressed as
@rrrðr; hÞ
@h

h¼p=2
¼ 0; srhðr;p=2Þ ¼ 0 ð1aÞ
@v rðr; hÞ
@h

h¼p=2
¼ 0; vhðr;p=2Þ ¼ 0 ð1bÞ
In addition, symmetry with respect to the plane y ¼ 0 yields
v rðr;p=2 hÞ ¼ v rðr;p=2þ hÞ; vhðr;p=2Þ ¼ 0 ð2aÞ
rrrðr;p=2 hÞ ¼ rrrðr;p=2þ hÞ ð2bÞ
srhðr;p=2 hÞ ¼ srhðr;p=2þ hÞ; srhðr;p=2Þ ¼ 0 ð2cÞ
To study the buckling of the system under uniaxial remote com-
pressive load, we employ a nonlinear thin shell formulation based
on Donnell’s nonlinear theory, see for example Amabili (2008), for
the spherical inclusion and we use three dimensional linear elastic-
ity for the matrix, see for example Love (1927). To describe the
imperfect interface between the inclusion and the matrix, we con-
sider a linear spring model by adopting the formulation introduced
in Hashin (1991) and further discussed in Marur (2009) for the case
of syntactic foams.
The problem under investigation is decomposed into two sub-
problems that are addressed separately and coupled in the solution
stage by enforcing suitable continuity conditions. In particular,
similarly to the analysis reported in Tagliavia et al. (2010), we con-
sider the following subproblems: ðIÞ matrix with spherical void of
radius R loaded by a remote compressive load r1 acting along the
y direction and by the interface traction ﬁelds in the radial r and
the shear s direction due to the interactions between the matrix
and the inclusion and ðIIÞ the single spherical inclusion of mean ra-
dius R and thickness h loaded by the interface stress ﬁelds r and s.
The subproblems are exempliﬁed in Fig. 2. We refer to subproblem
ðIÞ and ðIIÞ as the matrix and shell subproblem, respectively.
Continuity conditions are applied at the matrix-inclusion inter-
face to ﬁnd the interface stress and shell displacements ﬁelds. By
neglecting the wall thickness of the inclusion with respect to its
mean radius, the matrix-inclusion interface is assumed to be lo-
cated at r ¼ R. This working assumption is expected to yield accu-
rate results for the case h R on which we focus our study for its
relevance to syntactic foams applications, see for example Bardella
and Genna (2001), Gladysz and Chawla (2004), and Gladysz et al.
(2006). The linear spring interface model discussed in Hashin(I)
h
x
y
R
(II)
Fig. 2. Decomposition of the original problem into two subproblems for (I) the
matrix and (II) the shell. Note that a positive value of r1 means compression.
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trix and the inclusion. More speciﬁcally, continuity conditions are
given by
rðhÞ ¼ ð1=RÞnsv rtðhÞ ð3aÞ
sðhÞ ¼ ð1=RÞvsvhtðhÞ ð3bÞ
where n and v are the radial and shear stiffness at the matrix-inclu-
sion interface, respectively, and the factor ð1=RÞ is introduced for
scaling convenience. Note that the parameters n and v are dimen-
sional quantities with units of a stress. The assumed interfacial
behavior in Eq. (3) shares similarities with the formulation pro-
posed in Marur (2009) which, however, does not include the scaling
with respect to R. In Eq. (3), sv rt and svht represent the radial and
meridional displacement jump, respectively, evaluated at the ma-
trix-inclusion interface at r ¼ R, that is,
sv rtðhÞ ¼ v rðRþ; hÞ  v rðR; hÞ ð4aÞ
svhtðhÞ ¼ vhðRþ; hÞ  vhðR; hÞ ð4bÞ
In Eq. (4), the displacement for the matrix and shell subproblems is
computed from the matrix side of the interface, that is, at r ¼ Rþ,
and from the inclusion side of the interface, that is, at r ¼ R,
respectively.
The linear spring interface model is used to simulate an ideal-
ized thin interfacial layer whose elastic characteristics are tailored
to prescribe the bonding conditions at the matrix-inclusion inter-
face. Different values for the interface layer stiffness n and v in
Eq. (3) correspond to different types of interaction between the
matrix and the inclusion. In particular, for a ﬁxed inclusion radius
R, in the limit as n !1 and v!1, that is, of inﬁnite value of the
interface layer stiffness, the condition of perfect bonding is recov-
ered, where displacement jumps at the interface take the zero va-
lue, irrespectively of the interfacial traction ﬁelds. On the other
hand, as n ! 0 and v! 0, the case of a completely debonded inclu-
sion is recovered; in this scenario, the inclusion behaves as a pore
in the matrix while the interfacial stresses take the zero value, see
Marur (2009). Thus, the matrix and inclusion sides of the interface
are effectively stress free surfaces and the sole matrix is subjected
the entire remote compressive load. Finally, independent variation
of the coefﬁcients n and v allows for specifying the degree of cou-
pling of the radial and meridional displacements of the two con-
stituents, respectively. Note that the linear spring contact model
considered in this work does not preclude the possibility of inter-
penetration at the interface, which would require a nonlinear cou-
pling scheme, see for example Andrews et al. (2006).1 Please note that an unfortunate typo occurs in Eqs. (6a) and (6b) in Tagliavia et al.
(2010), which is also carried on in Eqs. (A5a) and (A5b) in Tagliavia et al. (2011b). In
th e r i gh t hand s i d e o f Eq . ( 6 a ) , t h e numer a t o r shou l d r e ad
3ðmm  1Þ½4þ 5ðmm þ 1Þ cosð2hÞ. In Eq. (6b) a minus sign is missing in the left hand
side.3. Problem formulation
3.1. Matrix subproblem
The linear subproblem for the matrix is formulated in terms of
the general three dimensional Navier–Cauchy equation for a linear
isotropic homogeneous material in the absence of body forces
which reads, see for example Tagliavia et al. (2010),
ðkm þ lmÞrðr  vÞ þ lmr2v ¼ 0 ð5Þ
Here, km and lm are the Lamé constants of the matrix material,
v ¼ v rer þ vheh þ v/e/ is the displacement vector, and er; eh, and
e/ denote the unit vectors in the coordinate directions in the spher-
ical system. For the case of cylindrical symmetry and symmetry
with respect to the y ¼ 0 coordinate plane, the general solution
for the displacement and stress ﬁelds is presented in Lur’e (1964)
and in Tagliavia et al. (2010). Therein, stress and displacement ﬁelds
are expressed as superpositions of spherical harmonics through
Legendre polynomials Pnðcos hÞ and associated Legendre functionsof the ﬁrst kind Pð1Þn ðcos hÞ, see Jones et al. (2008), Jones et al.
(2009), Lur’e (1964), and Tagliavia et al. (2010). Here and hence-
forth, the subscript n represents the order of the polynomial and
Pð1Þn ðcos hÞ ¼ dPnðcos hÞ=dh, for h 2 ½0;p.
Consistently with Eq. (4), we denote the matrix radial and
meridional displacement components at the matrix-inclusion
interface as vrðRþ; hÞ and vhðRþ; hÞ. Further, a superimposed tilde
denotes displacements scaled with the inclusion radius, that is,
~vr ¼ v r=R and ~vh ¼ vh=R. Additionally, we denote with r1 and s1
the radial and shear components of the uniaxial remote compres-
sive stress r1. Such components are given in spherical coordinates
through a plane stress transformation as r1ðhÞ ¼ r1 cos2 h and
s1ðhÞ ¼ r1 sin h cos h, respectively, see for example Love (1927).
By using the properties of Legendre polynomials, the radial and
shear component of the uniaxial remote stress can be written as
r1ðhÞ ¼ r13 ½1þ 2P2ðcos hÞ ð6aÞ
s1ðhÞ ¼ r13 P
ð1Þ
2 ðcos hÞ ð6bÞ
By following Tagliavia et al. (2010), in the general case of axisym-
metric loading, the radial stress r and the shear stress s at the ma-
trix-inclusion interface can be written as a superposition of
spherical harmonics in terms of even Legendre polynomials as
rðhÞ ¼
X1
n¼0;2;4;...
rnPnðcos hÞ ð7aÞ
sðhÞ ¼
X1
n¼2;4;...
snPð1Þn ðcos hÞ ð7bÞ
where rn and sn are modal coefﬁcients deﬁned as
rn ¼ ð2nþ 1Þ2
Z p
0
rðhÞPnðcos hÞ sin hdh ð8aÞ
sn ¼ ð2nþ 1Þ2nðnþ 1Þ
Z p
0
sðhÞPð1Þn ðcos hÞ sin hdh ð8bÞ
see also Lebedev (1972) for the orthogonality properties of the
Legendre functions.
The solution for the matrix displacement ﬁelds vrðRþ; hÞ and
vhðRþ; hÞ is derived in Tagliavia et al. (2010) and is here explicitly
rewritten for the scaled displacements in terms of Legendre func-
tions as1
2lm~v rðRþ; hÞ ¼ r1
ð1 mmÞ
2ð1þ mmÞ þ
10ð1 mmÞ
ð7 5mmÞ P2ðcos hÞ
 
þ
X1
n¼0;2;4;...
AðrrÞn rn þ AðrsÞn sn
BðrÞn
Pnðcos hÞ ð9aÞ
2lm~vhðRþ; hÞ ¼ r1
5ð1 mmÞ
ð7 5mmÞ P
ð1Þ
2 ðcos hÞ
 
þ
X1
n¼2;4;...
AðhrÞn rn þ BðhsÞn sn
BðhÞn
Pð1Þn ðcos hÞ ð9bÞ
where mm is the matrix Poisson ratio and the coefﬁcients
AðrrÞn ;A
ðrsÞ
n ;B
ðrÞ
n ;A
ðhrÞ
n ;A
ðhsÞ
n , and B
ðhÞ
n are found in Tagliavia et al.
(2010) and reported for completeness in Appendix B.
Note that Eq. (9) do not depend explicitly on R and only two
spherical harmonics appear in the expression of the matrix radial
displacements due to r1, that is, P0ðcos hÞ ¼ 1 and P2ðcos hÞ. Simi-
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meridional displacements due to r1, that is, Pð1Þ2 ðcos hÞ. This prop-
erty is a consequence of the particular form of the remote uniaxial
loading in Eq. (6) and of the orthogonality of Legendre functions,
see for example Jones et al. (2008), Lebedev (1972), and Tagliavia
et al. (2010).
3.2. Shell subproblem
Donnell’s nonlinear thin deep shell formulation, see for example
Amabili (2008), is used to compute stress and displacement ﬁelds
in the shell subproblem for the buckling analysis of the inclusion.
Within this framework, shear deformability of the shell is ne-
glected and the strain components ehh; e// and eh/ of the shell are
expressed by following Love’s hypothesis as
ehhðr; h;/Þ ¼ ehh;0ðh;/Þ þ fjhhðh;/Þ ð10aÞ
e//ðr; h;/Þ ¼ e//;0ðh;/Þ þ fj//ðh;/Þ ð10bÞ
eh/ðr; h;/Þ ¼ eh/;0ðh;/Þ þ fjh/ðh;/Þ ð10cÞ
where f 2 ½h=2;h=2 is the distance along the radial direction of
any arbitrary point of the shell from the mid-surface of the shell,
that is, r ¼ Rþ f. In Eq. (10), ehh;0; e//;0, and eh/;0 represent the
mid-surface strains and jhh;j//, and jh/ are the mid-surface
changes in the curvature. According to the axisymmetry condition,
the displacements ﬁelds are independent of the azimuth angle /
and, therefore, the strain ﬁelds are functions of the zenith angle h
only. In addition, eh/;0 ¼ 0 and jh/ ¼ 0.
We use the shorthand notation
wðhÞ ¼ ~v rðR; hÞ ¼ v rðR
; hÞ
R
ð11aÞ
uðhÞ ¼ ~vhðR; hÞ ¼ vhðR
; hÞ
R
ð11bÞ
for the dimensionless radial and meridional displacements of the
shell mid-surface scaled with the shell mean radius R. Thus, the
nonzero mid-surface strains and changes in curvatures are ex-
pressed in terms of the shell mid-surface displacements as in Ama-
bili (2008) and Soedel (1993)
ehh;0ðhÞ ¼ duðhÞdh þwðhÞ
 
þ 1
2
dwðhÞ
dh
 2
ð12aÞ
e//;0ðhÞ ¼ wðhÞ þ uðhÞ cot h ð12bÞ
jhhðhÞ ¼ 1R
duðhÞ
dh
 d
2wðhÞ
dh2
 !
ð12cÞ
j//ðhÞ ¼ cot hR uðhÞ 
dwðhÞ
dh
 
ð12dÞ
Note the presence of the quadratic nonlinearity in Eq. (12a). The
same nonlinearity in ehh;0 is adopted in Jones et al. (2008) and Jones
et al. (2009) to study linear buckling of a thin spherical shell embed-
ded in an inﬁnite matrix for uniaxial remote load and perfect
interface.
From the thin shell hypothesis, we assume that rrr ¼ 0, see for
example Amabili (2008). By using the axisymmetry condition, the
shell constitutive behavior is expressed through Hooke’s law for
plane stress as
rhhðr; hÞ ¼ Es1 m2s
½ehhðr; hÞ þ mse//ðr; hÞ ð13aÞ
r//ðr; hÞ ¼ Es1 m2s
½e//ðr; hÞ þ msehhðr; hÞ ð13bÞ
where Es and ms are Young’s modulus and Poisson’s ratio of the shell,
respectively. The membrane resultants Nhh and N// and bending
resultants Mhh and M// are related to the stresses by an integrationthrough the shell thickness. Speciﬁcally, by substituting Eq. (12)
into Eq. (10) and employing Eq. (13b), we obtain
NhhðhÞ¼
Z h=2
h=2
rhhðr;hÞdf
¼R~K duðhÞ
dh
þwðhÞþ1
2
dwðhÞ
dh
 2
þms wðhÞþuðhÞcothð Þ
" #
ð14aÞ
N//ðhÞ¼
Z h=2
h=2
r//ðr;hÞdf
¼R~K wðhÞþuðhÞcothþms duðhÞdh þwðhÞþ
1
2
dwðhÞ
dh
 2 !" #
ð14bÞ
MhhðhÞ¼
Z h=2
h=2
rhhðr;hÞfdf
¼R2 ~D duðhÞ
dh
d
2wðhÞ
dh2
þms coth uðhÞdwðhÞdh
 " #
ð14cÞ
M//ðhÞ¼
Z h=2
h=2
r//ðr;hÞfdf
¼R2 ~D coth uðhÞdwðhÞ
dh
 
þms duðhÞdh 
d2wðhÞ
dh2
 !" #
ð14dÞ
where we introduced the scaled membrane and bending rigidity of
the shell as
~K ¼ Esð1 m2s Þ
h
R
 
; ~D ¼ Es
12ð1 m2s Þ
h
R
 3
ð15Þ
These expressions are based on the shell thickness scaled with re-
spect to R and are related to the traditional deﬁnitions of membrane
rigidity K and bending rigidity D through ~K ¼ K=R and ~D ¼ D=R3, see
for example Amabili (2008) and Soedel (1993). In addition, we recall
the expression of the shear resultant Qrh from Soedel (1993) which
reads
QrhðhÞ ¼ 
1
R sin h
½M//ðhÞ cos h  ddh ½MhhðhÞ sin h
 
ð16Þ
By using standard procedures, see for example Amabili (2008) and
Soedel (1993), we determine the elastic potential energy in the shell
and the external work done by the interface stress ﬁeld. Note that,
from the thin shell assumption, the interface stress ﬁeld is assumed
to be applied at the shell mid-surface at r ¼ R rather than at the
shell outer surface at r ¼ Rþ h=2. By considering the ﬁrst variation
of the total potential energy of the system, the governing differen-
tial equations for the shell subproblem read
½NhhðhÞ þN//ðhÞsinh ddh NhhðhÞ
dwðhÞ
dh
sinh
 
 d
dh
QrhðhÞ sinh½  ¼ rðhÞRsinh ð17aÞ
 d
dh
½NhhðhÞsinh þ ½N//ðhÞcosh  ½QrhðhÞsinh ¼ sðhÞRsinh ð17bÞ
Equilibrium equations in terms of the shell mid-surface scaled dis-
placements, which are employed for the following developments,
are directly derived by substituting Eqs. (14) and (16) into Eq.
(17). Upon substituting w;u; ~K, and ~D, Eq. (17) depend on the value
of R only through the shell thickness-to-radius ratio ðh=RÞ.
Boundary conditions for Eq. (17) stem from the axisymmetry
condition with respect to the y axis. Speciﬁcally, they read
uðhÞ ¼ 0; dwðhÞ=dh ¼ 0, and QrhðhÞ sin h ¼ 0 at both h ¼ 0 and
h ¼ p. In addition, from symmetry with respect to the y ¼ 0 plane,
we require that wðhÞ ¼ wðp hÞ and uðhÞ ¼ uðp hÞ. In other
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of h with respect to h ¼ p=2, respectively. This implies that
dwðhÞ=dh ¼ 0 and uðhÞ ¼ 0 at h ¼ p=2.
4. Solution procedure
4.1. Assumed modes representation
To solve Eqs. (3) and (17), we employ a Galerkin projection
technique, see for example Mura and Koya (1992), to reduce the
system of nonlinear differential equations to a set of nonlinear
algebraic equations. More speciﬁcally, the continuity condition in
Eq. (3) is projected on the space spanned by the even spherical har-
monics Piðcos hÞ; i ¼ 0;2;4; . . ., and Pð1Þi ðcos hÞ; i ¼ 2;4; . . ., on
h 2 ½0;p as followsZ p
0
rðhÞPiðcos hÞ sin hdh
¼ n
Z p
0
½~v rðRþ; hÞ  ~v rðR; hÞPiðcos hÞ sin hdh ð18aÞZ p
0
sðhÞPð1Þi ðcos hÞ sin hdh
¼ v
Z p
0
½~vhðRþ; hÞ  ~vhðR; hÞPð1Þi ðcos hÞ sin hdh ð18bÞ
where we used the deﬁnition of displacement jumps in Eq. (4). Eq.
(18) is further manipulated by using the representation for the
stress ﬁelds r and s in Eq. (8) and the solution for the scaled matrix
displacement ﬁelds ~v rðRþ; hÞ and ~vhðRþ; hÞ in Eq. (9). In addition, by
following Jones et al. (2008) and by making use of the symmetries
of the problem, solution of the scaled radial and meridional dis-
placements of the shell mid-surface in Eq. (11) are sought in the
form of series of even spherical harmonics, that is,
wðhÞ ¼
X1
n¼0;2;4;...
wnPnðcos hÞ ð19aÞ
uðhÞ ¼
X1
n¼2;4;...
unP
ð1Þ
n ðcos hÞ ð19bÞ
where wn and un in Eq. (19) represent modal amplitude coefﬁcients.
In particular, note that the selection of only even terms in the series
in Eq. (19) enforces the symmetry condition with respect to the
shell equatorial plane. By performing the indicated substitutions,
Eq. (18) is rewritten as
2
ð2iþ 1Þri ¼ n
r1
2lm
Z p
0
ð1 mmÞ
2ð1þ mmÞ þ
10ð1 mmÞ
ð7 5mmÞ P2ðcos hÞ
 
 Piðcos hÞ sin hdhþ n 12lm
X1
n¼0;2;4;...
AðrrÞn rn þ AðrsÞn sn
BðrÞn

Z p
0
Pnðcos hÞPiðcos hÞ sin hdh
 n
X1
n¼0;2;4;...
wn
Z p
0
Pnðcos hÞPiðcos hÞ sin hdh;
i ¼ 0;2;4; . . . ð20aÞ
2iðiþ1Þ
ð2iþ1Þ si ¼v
r1
2lm
Z p
0
5ð1 mmÞ
ð75mmÞP
ð1Þ
2 ðcoshÞ
 
Pð1Þi ðcoshÞsinhdh
þv 1
2lm
X1
n¼2;4;...
AðhrÞn rnþBðhsÞn sn
BðhÞn

Z p
0
Pð1Þn ðcoshÞPð1Þi ðcoshÞsinhdh
v
X1
n¼2;4;...
un
Z p
0
Pð1Þn ðcoshÞPð1Þi ðcoshÞsinhdh; i¼ 2;4; . . .
ð20bÞNote that the integral terms in Eq. (20) can be directly evaluated
analytically using the orthogonality properties of the spherical har-
monics, see for example Jones et al. (2008) and Lebedev (1972). Fur-
ther, we remark that Eq. (20) is independent of the value of the shell
mean radius R.
The unknowns in Eq. (20) are the modal amplitudes of the inter-
facial stress frng1n¼0;2;4;... and fsng1n¼2;4;... and the modal amplitudes
of the shell mid-surface displacements fwng1n¼0;2;4;... and
fung1n¼2;4;.... The remaining algebraic equations for such modal
amplitudes are obtained by applying the Galerkin method to re-
duce the governing system of nonlinear ordinary differential equa-
tions to a set of nonlinear algebraic equations. Speciﬁcally, we
substitute the series representation in Eq. (19) into Eqs. (14) and
(17) and project the resulting expression on the space spanned
by the even spherical harmonics. Projection is achieved by multi-
plying Eq. (17a) with Piðcos hÞ and Eq. (17b) with Pð1Þi ðcos hÞ and
integrating with respect to h over the domain ½0;p.
Once the projection of the continuity conditions in Eq. (3) and of
the shell governing equations in Eq. (17) is performed, the inﬁnite
summations in the representations of stress and displacement
ﬁelds in Eqs. (7) and (19) is truncated to a desired number of even
terms to be retained in the series expansions of the displacement
and stress ﬁelds. In particular, here and henceforth, we use NP , with
NP even, to indicate the highest order of the retained spherical har-
monics. In other words, a total of NP þ 1 terms is retained in the
truncation, with NP=2þ 1 modes in the projection along the space
spanned by Piðcos hÞ and NP=2 modes in the projection along the
space spanned by Pð1Þi ðcos hÞ. We remark that the number of modes
retained in the solution of the governing equation is selected to en-
sure convergence of the computational procedure within a pre-
scribed tolerance and to accurately capture the buckling behavior
of the system.
For notational convenience, we stack the scaled displacement
and stress modal coefﬁcients in the ðNP þ 1Þ-dimensional vectors
w ¼ w0;w2;u2;w4;u4; . . . ;wNP ;uNP
 T ð21aÞ
q ¼ r0;r2; s2;r4; s4; . . . ;rNP ; sNP
 T ð21bÞ
where a superscript T denotes matrix transposition. By using
orthogonality properties of the spherical harmonics, Eq. (20) are
symbolically recast as
q ¼ Nðar1 þ BqwÞ ð22Þ
where N is the interface stiffness ðNP þ 1Þ  ðNP þ 1Þ-dimensional
diagonal matrix whose diagonal entries are given by
N ¼ diag n; n;v; n;v; . . . ; n;v½  ð23Þ
where the notation is consistent with Eq. (21). Note that Eq. (22)
represents the modal counterpart of Eq. (3) and couples the solu-
tions for the matrix and shell subproblems, the applied remote
stress r1, and the unknown stress ﬁelds at the shell-matrix inter-
face. In Eq. (22), the term a is a ðNP þ 1Þ-dimensional vector with
three nonzero components, that is, the coefﬁcients of
P0ðcos hÞ; P2ðcos hÞ, and Pð1Þ2 ðcos hÞ in Eq. (9), and is expressed as
a ¼  1
lm
ð1 mmÞ
4ð1þ mmÞ ;
5ð1 mmÞ
ð7 5mmÞ ;
5ð1 mmÞ
2ð7 5mmÞ ;0; . . . ;0
 T
ð24Þ
In addition, B in Eq. (22) is a block diagonal matrix deﬁned as
B ¼ 1
2lm
B0 0 . . . 0
0 B2 . . . 0
. . . . . . . .
.
0
0 0 . . . BNP
2
66664
3
77775 ð25Þ
where the generic block Bn with nP 2 denotes a two by two square
matrix whose entries are deﬁned as
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ðrrÞ
n =B
ðrÞ
n A
ðrsÞ
n =B
ðrÞ
n
AðhrÞn =B
ðhÞ
n A
ðhsÞ
n =B
ðhÞ
n
" #
ð26Þ
and B0 ¼ Arr0 =BðrÞ0 . That is, terms in the ﬁrst and second row in each
block Bn, with n ¼ 2;4; . . ., are the coefﬁcients of the functions
Pnðcos hÞ and Pð1Þn ðcos hÞ in Eq. (9), respectively, see also Appendix B.
Similarly, the projected Eq. (17) are rewritten as a system of
nonlinear algebraic equations in the displacement modal coefﬁ-
cients w as
Lwþ nðwÞ ¼ Sq ð27Þ
Here, L is a block diagonal matrix including the linear part of the
shell equation in Eq. (17) and is thus independent of w. Addition-
ally, nðwÞ is a vector function of the modal coefﬁcients w and in-
cludes the nonlinear parts of the shell equation stemming from
quadratic nonlinearities. Note that the presence of the nonlinear
vector nðwÞ in Eq. (27) is essential to account for the geometric non-
linearities in the shell theory, responsible for the bifurcation of the
elastic equilibrium. Furthermore, S is a diagonal matrix which
scales the stress ﬁeld deriving from integration of Eq. (17) during
the projection step. More speciﬁcally, upon truncation of the series
of spherical harmonic basis functions to NP summands, the quanti-
ties L; S, and n are deﬁned as
L ¼
L0 0 . . . 0
0 L2 . . . 0
. . . . . . . .
.
0
0 0 . . . LNP
2
66664
3
77775 ð28aÞ
S ¼ diag Sr0 ; Sr2 ; Ss2; . . . ; SsNP
h i
ð28bÞ
n ¼ Nr0 ;Nr2 ;Ns2; . . . ;NsNP
h iT
ð28cÞ
where the generic block Ln with nP 2 is a two by two symmetric
matrix while L0 is a scalar quantity. Expressions for
L0; Ln; Srn ; S
s
n;N
r
n , and N
s
n are reported in Appendix B. We explicitly re-
mark that, in the present formulation, the value of R enters into to
the governing equations only through the ratio ðh=RÞ.
4.2. Incremental and iterative procedure
The vector w of the modal coefﬁcients of the shell mid-surface
displacements is expressed by eliminating the vector q of interfa-
cial stresses from Eqs. (22) and (27). Speciﬁcally, the shell displace-
ment ﬁelds are found from the solution of the following system of
nonlinear algebraic equations
gðwÞ ¼ w ½BS1  ðSNÞ1½Lwþ nðwÞ  ar1 ¼ 0 ð29Þ
The dimension of the system in Eq. (29) depends on the number of
spherical harmonics retained in the series representations for dis-
placements and stresses and is equal to NP þ 1.
Numerical evaluation of the critical load is performed by solving
Eq. (29) through an incremental and iterative procedure based on
the modiﬁed Newton–Raphson (MNR) method, see for example
the account reported in Crisﬁeld (1981), and detailed as follows.
The vector n is initially set to 0 and we let r1 ¼ 0. The ﬁrst step
of the solution procedure comprises the initialization to zero of
the components of the vector w and the calculation, performed
once and for all at the beginning of the procedure, of the terms
a;B; S;N, and L, see also Appendix B. Once the numerical setup is
completed, the ﬁrst incremental load step is applied by increment-
ing the value of r1 of a small quantity dr1 which is arbitrarily
selected.
At this point, the MNR algorithm is initiated, by selecting the
initial guess for w as we ¼ w0 ¼ 0 and computing the value ofgðweÞ. According to the MNR iteration scheme, the updated esti-
mate w0e of the solution vector is given by
w0e ¼ we  dw ð30Þ
where the correction dw is
dw ¼ K1 gðweÞ ð31Þ
Here, K is the so-called tangent stiffness matrix of the system and is
computed by taking the gradient of gðwÞ in Eq. (29) with respect to
the variables in the vector w. This procedure yields
K ¼ I ½BS1  ðSNÞ1½L þrnðw0Þ ð32Þ
where I is the identity matrix andrnðw0Þ is the gradient of the vec-
tor function n with respect to the modal coefﬁcients w evaluated in
correspondence to the value w0 at the beginning of the MNR proce-
dure. The presence of the geometric nonlinearities through the term
rnðw0Þ in Eq. (32) controls the effective value of the tangent stiff-
ness matrix at each load step. For each applied load step, the tan-
gent stiffness matrix K is constant by construction and is only
updated when a new load increment is considered. After the new
estimate w0e is obtained from Eq. (30), we let we ¼ w0e and repeat
the MNR iteration step until convergence. Speciﬁcally, iterations
within a single load step are arrested when the Euclidean norms
of the vectors dw and gðweÞ fall within prescribed tolerances. Upon
reaching convergence, we then let w0 ¼ we ¼ w0e and increment the
value of r1 by adding dr1 for the next incremental load step appli-
cation. At this stage, the value of rnðw0Þ and K are updated before
reinitializing the MNR iterations.
The process is arrested when the tangent stiffness matrix be-
comes singular. The buckling criterion is based on the analysis of
the eigenvalues of the tangent stiffness matrix or, equivalently, of
its determinant, see for example Bagchi (2012), Brendel and Ramm
(1980), Chang and Chen (1986), and Levy and Spillers (2004). Spe-
ciﬁcally, a vanishing eigenvalue indicates occurrence of instability
for which the corresponding MNR iteration in Eq. (31) diverges.
Thus, occurrence of buckling is numerically identiﬁed and the cor-
responding value of r1 is taken as the critical load r1 for the con-
sidered case. In turn, the eigenvector corresponding to such zero
eigenvalue represents the buckling pattern of the shell.
Note that, in the present implementation, after the initialization
stage, the load increment dr1 is adaptively selected by following
the methodology described in Crisﬁeld (1981), based on the num-
ber of the iterations required for convergence for each load step
increment. Such adaptive strategy is selected to keep approxi-
mately constant and equal to a desired value the number of MNR
iterations within a single load step. As a consequence, larger load
step increments are applied when further from the onset of buck-
ling conditions while smaller ones are automatically selected to
accurately track the instability point in the load–displacement
solution.
It should be noted that, from a practical standpoint, it is very
unlikely for the numerical procedure to identify an eigenvalue
which is exactly zero to working precision, thus leading to cata-
strophic failure of the solution of Eq. (31). Along with the adaptive
selection of the load increment discussed above, at every iteration
step, we monitor several convergence metrics, including tolerances
for theoretically zero eigenvalues, sign changes in the eigenvalues,
and the condition number of the tangent stiffness matrix. Com-
bined use of these techniques guarantees that the solution of Eq.
(29) is accurate at every load step.
We remark that different numerical techniques can be used to
trace the load–displacement path, including for example the so-
called arc-length method, see Crisﬁeld (1981), which also allows
the study of the post-buckling behavior of the system. However,
the proposed MNR solution strategy presents adequate robustness
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of implementation against alternative methods.5. Results and discussion
Here and henceforth, the proposed formulation is specialized to
estimate the critical load of syntactic foams consisting of a vinyl es-
ter matrix embedding hollow glass particles. Material parameters
used for the analysis are: Em ¼ 3:21 GPa; mm ¼ 0:3; Es ¼ 60 GPa,
and ms ¼ 0:21, see Tagliavia et al. (2010). Without loss of generality,
results are reported for the illustrative case of mean shell radius
R ¼ 20 lm, see for example Gupta et al. (2010). Note that, for a se-
lected inclusion wall thickness h, the speciﬁc value of R is only used
to deﬁne the ratio h=R. In the following parametric study, the inclu-
sion radius ratio g, deﬁned as g ¼ ðR h=2Þ=ðRþ h=2Þ, is assumed
to vary in the range 0:936–0:970, see for example Gupta et al.
(2010). Therefore, we specialize the analysis by restricting the ratio
h=R in the range 0:03–0:07 which is relevant to syntactic foams. In
addition, the selected wall thickness range is consistent with the
assumptions of thin shell theory.
Based on the convergence analysis in Appendix A, results re-
ported in what follows are based on retaining NP ¼ 48 spherical
harmonic terms in the Galerkin procedure. In the proposed imple-
mentation, we select a tolerance on the magnitude of the smallest
eigenvalue of the order of 103 to identify occurrence of buckling.
Such identiﬁcation is also complemented by monitoring sign
changes of the eigenvalues, condition number of the tangent stiff-
ness matrix K, and number of iterations required in the MNR
scheme, typically 12 iterations. A tolerance of 1010 on the conver-
gence of the MNR step in Eqs. (30) and (31) is imposed on the norm
of the vectors gðweÞ and dw.
Extensive numerical experiments suggest that converged re-
sults are robust with respect to moderate variations of the adjust-
able parameters in the numerical solution of Eq. (29), that is,
thresholds on condition number of the matrix K and number of de-
sired iterations, while satisfactory consistency is observed between
different runs. Note that integral terms in n in Eq. (28c) are evalu-
ated by using Gauss quadrature points, see for example Lanczos
(1988). Further details on the quadrature strategy are discussed
in Appendix B. In addition, based on numerical analyses reported
in Appendix A, n ¼ 1000 GPa and v ¼ 100 GPa are taken as repre-
sentative values of a nearly perfect interface. Speciﬁcally, by fol-
lowing Marur (2009), the parametric study presented in this
section is performed by holding ﬁx the interfacial shear stiffness
parameter v to its reference value of 100 GPa and by varying the
radial shear stiffness parameter n in the broad range 0:1–1000 GPa.2 Please note that an unfortunate typo occurs in Eq. (10b) in Tagliavia et al. (2010).
The coefﬁcient Dn in Eq. (10b) should read
Dn ¼  a
nþ3½ðn2 þ 2mm  2Þrn þ nðn2 þ 3n 2mmÞsn
4lmðnþ 2Þ½n2 þ ð1 2mmÞnþ 1 mm5.1. Remote stress–displacement relations
Here, we discuss the remote stress–displacement response by
focusing on the relations between the remote axial load r1 and
the fundamental harmonic of the radial displacement of points in
the matrix material at a radial location r ¼ Rm, thus simulating a
standard compression test. In particular, by neglecting the shell
wall thickness in comparison to its mean radius, the shell volume
is approximately given by 4pR3=3. We consider the shell to be
embedded in a matrix region bounded by a spherical surface of ra-
dius Rm. Therefore, the quantity U ¼ ðR=RmÞ1=3 deﬁnes the volume
fraction of the inclusion in the material system representative of
a syntactic foam volume element. In the following analysis, the ra-
dial location Rm at which the matrix displacement ﬁeld is selected
by ﬁxing a desired value for the inclusion volume fraction U and by
letting Rm ¼ RU1=3.
By employing Lur’e general solution for displacement and stress
ﬁelds in spherical coordinated reported in Tagliavia et al. (2010),the fundamental harmonic of the radial displacement for the ma-
trix scaled with radius Rm can be written as2v rðRm; hÞj0
Rm
¼  1
2lm
r1
6
2ð1 2mmÞ
ð1þ mmÞ þU
 
þ r0U
2
 
ð33Þwhere the symbol ðÞj0 denotes the Fourier coefﬁcient of the
projection of v rðRm; hÞ on P0ðcos hÞ. Note that the quantity
v rðRm; hÞj0=Rm can be interpreted as a measure of uniaxial strain
in the composite. Similarly, r0 is the coefﬁcient of the fundamen-
tal harmonic of the inclusion-matrix interface stress ﬁeld, that is,
the coefﬁcient of P0ðcos hÞ in the representation in Eq. (7). Eq.
(33) is obtained by specializing the matrix radial displacement
ﬁeld to the superposition of the displacement ﬁeld produced by
the remote compressive stress r1 and the fundamental harmonic
of the inclusion-matrix interfacial stress r0. By following this
procedure, the stress–displacement behavior, computed for a
representative set of shell wall thicknesses and interface proper-
ties, is displayed in Fig. 3, where the remote axial load r1 is
nondimensionalized with respect to the matrix shear modulus
lm. Simulations are interrupted at the onset of buckling. We
remark that the curves presented in Fig. 3 do not correspond to
actual physical load–displacement paths but, rather, they are
introduced to illustrate the inﬂuence of the governing parameters
on the nonlinear response of the system. As a result, the occur-
rence of an instability point cannot be directly inferred from
inspection of the slopes of the curves in Fig. 3 which, for ease
of presentation, focus only on the description of the lowest
load–displacement harmonic.
Representative results for volume fraction U ¼ 0:01; 0:3, and
0:5, interfacial radial stiffness n ¼ 1000 GPa; 100 GPa, and
0:1 GPa, and shear stiffness held ﬁxed to v ¼ 100 GPa are
presented in Fig. 3. Therein, the occurrence on nonlinear
stress–displacement behavior is shown in the form of noticeable
deviations from the ideal straight line. Such nonlinearities are
especially evident as the inclusion volume fraction and the
interfacial stiffness increase. Further, remarkable nonlinear
behavior in the syntactic foam stress–displacement behavior is
emphasized in the case of thicker shells, for which signiﬁcant
deviations from a straight line is observed in an early stage
of the loading history, compare for example the cases of high
inclusion volume fraction and nearly perfect interface
(n ¼ 1000 GPa and v ¼ 100 GPa) for the thinner and thicker
shell in Figs. 3(a) and (b), respectively. We comment that, since
the matrix is modeled as a linear elastic material, cause of
stress–displacement nonlinearity is to be found in the geometric
nonlinearities in the shell formulation which yield a nonlinear
dependency between r0 and r1. Eq. (33) further illustrates that
such nonlinearities are weighted with the inclusion volume
fraction U.
As expected, syntactic foam behavior in the case of very dilute
inclusion, that is, U ¼ 0:01, is relatively independent of the inclu-
sion wall thickness and interfacial conditions. In this case, the
mechanical behavior of the composites is largely controlled by
the matrix properties and, as a result, it also exhibits negligible
nonlinearities. This behavior is further conﬁrmed by the approxi-
mate collapsing of the dash-dotted lines in Figs. 3(a) and (b) on a
single straight line.
(a) (b)
Fig. 3. Stress–displacement behavior in syntactic foams for representative volume fractions U ¼ 0:01 (dash-dotted lines), 0:3 (dashed lines), and 0:5 (solid lines) and
interfacial radial stiffness values n ¼ 1000 GPa; 10 GPa, and 0:1 GPa and v ¼ 100 GPa. In (a): results for wall thickness h=R ¼ 0:03. In (b): results for wall thickness h=R ¼ 0:07.
Table 1
Comparison of critical loads determined with the present formulation, with the method illustrated in Jones et al. (2008), and with the ﬁnite element method. The row ‘Error %’
reports relative discrepancies between present results and ﬁndings obtained from the procedure discussed in Jones et al. (2008).
r1 ½GPa h=R ¼ 0:03 h=R ¼ 0:04 h=R ¼ 0:05 h=R ¼ 0:06 h=R ¼ 0:07
Present work 0.3516 0.4306 0.5202 0.6028 0.7038
Jones et al. (2008) 0.1579 0.1679 0.1781 0.1894 0.2014
Finite element 0.3761 0.4541 0.5365 0.6227 0.7134
Error % 55.1 61.1 65.8 68.6 71.3
Table 2
Maximum compressive and tensile values of the average hoop stress N//=h evaluated at h ¼ 0 and h ¼ p=2, respectively. Results are expressed in GPa and refer to the remote
stress 0:95r1 .
N//=h ½GPa h=R ¼ 0:03 h=R ¼ 0:04 h=R ¼ 0:05 h=R ¼ 0:06 h=R ¼ 0:07
h ¼ 0 h ¼ p=2 h ¼ 0 h ¼ p=2 h ¼ 0 h ¼ p=2 h ¼ 0 h ¼ p=2 h ¼ 0 h ¼ p=2
n ¼ 1000 0.488 2.184 0.896 2.933 1.263 3.859 1.577 4.728 1.851 5.907
n ¼ 100 0.461 1.850 0.838 2.563 1.196 3.450 1.514 4.325 1.808 5.472
n ¼ 10 0.288 1.232 0.536 1.823 0.795 2.531 1.057 3.318 1.333 4.266
n ¼ 1 0.081 1.241 0.156 1.849 0.236 2.591 0.330 3.457 0.432 4.499
n ¼ 0:1 0.010 1.391 0.020 2.048 0.035 2.870 0.062 3.901 0.078 5.172
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The proposed analytical solution for the critical load in syntactic
foams is compared in this section with experimental ﬁndings on
compressive strength of vinyl ester-glass syntactic foams reported
in Gupta et al. (2010). Results reported therein refer to syntactic
foam samples fabricated with vinyl ester resin, methyl ethyl ke-
tone peroxide catalyst, and glass microballoons supplied by 3M,
MN. Four types of glass microballoons are investigated, with nom-
inal true particle densities of 220;320;370, and 460 kg=m3 and
inclusion volume fractions in the range 30–60%. Compression tests
are conducted on an Instron 4469 test system at the constant
deformation rate of 1 mm=min.
Material and geometric properties for the syntactic foam con-
stituents are reported in Gupta et al. (2010), along with experimen-
tal results on compressive strength of the composite. Speciﬁcally,
we refer to Table 2 in the cited reference for sample composition
and nomenclature, to Table 1 for microballoon properties (includ-
ing the mean particle size and the radius ratio g from which the
particle ratio h=R can be computed), and to Fig. 7 for data on com-
pressive strength of vinyl ester matrix syntactic foams. Note that,
by following Gupta et al. (2010), the compressive strength of syn-tactic foam is deﬁned as the ﬁrst peak in the stress–strain curves
during a compression test.
Results presented in Fig. 7 of Gupta et al. (2010) are reported in
Fig. 4(a) aggregated, for varying inclusion volume fraction in the
range 30–60%, as a function of inclusion radius ratio or, equiva-
lently of the thickness-to-radius ratio h=R. Experimental results
show a strong dependence of compressive strength on both inclu-
sion wall thickness and volume fraction with variations from 29 to
82 MPa. Experimental ﬁndings are superimposed in Fig. 4(a) to
theoretical prediction of critical load for the limit case of nearly
perfect and weak interface considered in this parametric study,
that is, n ¼ 1000 GPa and 0:1 GPa, respectively. A more complete
illustration of simulation results for varying interface properties
is reported in Fig. 4(b).
We observe that critical loads are generally signiﬁcantly larger
than the experimentally determined compressive strength of vinyl
ester-glass syntactic foams. For the parameter ranges explored in
this study, critical loads are found to vary in the range 300–
700 MPa for the case of nearly perfect interface n ¼ 1000 GPa and
in the range 100–500 MPa for the case of weak interface
n ¼ 0:1 GPa. In other words, the earliest buckling conditions are
found for the case of very thin inclusion and by assuming a very
(a) (b)
Fig. 4. In (a): compressive strength data for vinyl ester syntactic foams from Gupta et al. (2010). Experimental data (markers labeled with ‘Exp’) are superimposed to
predicted values of the critical load r1 (lines). In (b): effect of the interface stiffness parameter on the critical load for different shell thickness.
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0:1221 GPa to 0:3516 GPa as n is increased from 0:1 GPa to
1000 GPa). However, even in this case, the estimated critical load
seems to be signiﬁcantly larger than the experimentally deter-
mined compressive load to failure. We acknowledge that axisym-
metric buckling patterns in the experimental scenario are
unlikely, whereby asymmetric buckling modes could be elicited
early on in the loading stage, see for example Hutchinson (1967).
We further anticipate that the presence of inevitable imperfections
in the composite may promote buckling along asymmetric modes.
However, ﬁndings reported in Carlisle et al. (2007) suggest that
critical loads for asymmetric buckling are highly comparable to
those associated to axisymmetric buckling; therefore, we conclude
that the origin of the noticeable discrepancies between analytical
results and experimental ﬁndings in Fig. 4 should not be ascribed
to the occurrence of asymmetric buckling.
This observation suggests that microballoon buckling is likely
not the main driving mechanism for syntactic foam failure under
compressive loading. To substantiate this conclusion, in the follow-
ing we provide a detailed discussion of the state of stress in the
shell during uniaxial remote compression towards the onset of
buckling to understand possible inclusion failure mechanisms that
occur before the critical load r1 is achieved.5.3. Effect of nonlinearities in the loading history
In order to understand the effect of nonlinearity on the shell
mechanical behavior during loading towards the onset of buckling,
we analyze the evolution of the membrane resultant N// in Eq.
(14b). Fig. 5 shows the evolution of the hoop stress resultant in
the shell in the limit of nearly perfect bonding (n ¼ 1000 GPa and
v ¼ 100 GPa) and weak interface (n ¼ 0:1 GPa and v ¼ 100 GPa)
for the extreme values of inclusion wall thickness. In each plot,
stress resultants are evaluated at four different levels of remote ax-
ial load, corresponding to 25%, 50%, 75%, and 95% of the predicted
critical load r1. For ease of presentation, N// deﬁned in Eq. (14b) is
nondimensionalized as ~N// ¼ N//=ðhr1Þ to provide a measure of
the average hoop stress through the shell thickness as well as an
indication of stress intensiﬁcation and describe the effect of non-
linearities during the loading history. In addition, in Fig. 5, we
superimpose to ﬁndings of the proposed nonlinear formulation re-
sults on hoop stress resultants obtained from a linear shell theoryderived by setting nðwÞ ¼ 0 in Eq. (27), that is, by discarding geo-
metric nonlinearities in Eqs. (12), (14), and (17).
Fig. 5 illustrates that, as the remote axial load increases, shell
geometric nonlinearities are responsible for progressive deviations
of the hoop stress distribution from the linear solution. Such devi-
ations are more evident as the shell thickness increases and as the
radial stiffness parameter n decreases. Moreover, remarkable stress
intensiﬁcations are observed in the equatorial region of the shell,
that is, at h ¼ p=2, where the inner surface of the shell is subject
to tensile hoop stress. Results displayed in Fig. 5 are complemented
with illustrative ﬁndings on the deformed shape of the shell during
the loading history reported in Fig. 6, where we consider the same
representative cases considered in Fig. 5. Consistently with the
main results highlighted in Fig. 4(b), inspection of Fig. 6 shows that
thinner shells tend to deform comparatively less before the onset
of buckling than thicker shells. In addition, the deformation before
buckling is less in the case of relatively soft interfaces.
5.4. Comparison with available theoretical results in the limit of a
nearly perfect interface
To substantiate the need for the proposed nonlinear formula-
tion, we compare results of the current approach with related ﬁnd-
ings from the method proposed in Jones et al. (2008), for the case of
nearly perfect interface, n ¼ 1000 GPa and v ¼ 100 GPa. Therein,
the pre-buckled state of the structure is determined by using the
hypothesis of linear shell theory; in other words, terms of qua-
dratic or higher order in the shell mid-surface strain tensor are ne-
glected and a linear form is assumed for the tensor of changes of
curvature. Moreover, the computation of the critical load is based
on a simpliﬁed quadratic version of the potential energy variation
in the perturbed kinematics and the mid-surface changes in the
curvature are calculated by neglecting the in-plane shell displace-
ment, consistently with the developments based on the classical
von Kármán theory for thin shells, see for example Amabili
(2008). A comparison of critical loads obtained by following the
procedure detailed in Section 7 of Jones et al. (2008) and the meth-
od presented this work, along with data from ﬁnite element simu-
lations, is presented in Table 1.
Noticeable discrepancies can be observed between the present
results and ﬁndings from the procedure discussed in Jones et al.
(2008) and especially as the inclusion wall thickness increases.
The source of such discrepancy should be sought in the computa-
(a) (b)
(c) (d)
Fig. 5. Dimensionless membrane resultant ~N// for the linear and nonlinear shell formulation. In (a): h=R ¼ 0:03; n ¼ 1000 GPa, and v ¼ 100 GPa. In (b):
h=R ¼ 0:07; n ¼ 1000 GPa, and v ¼ 100 GPa. In (c): h=R ¼ 0:03; n ¼ 0:1 GPa, and v ¼ 100 GPa. In (d): h=R ¼ 0:07; n ¼ 0:1 GPa, and v ¼ 100 GPa.
Fig. 6. Deformed shape of the shell during the loading history (not scaled) as r1 takes on the values 0:25r1;0:50r1;0:75r1 , and 0:95r1 , in the direction of the arrow in
each panel. Black dashed lines indicate the shell undeformed shape; color scheme for solid lines is the same as in Fig. 5. In (a): h=R ¼ 0:03; n ¼ 1000 GPa, and v ¼ 100 GPa. In
(b): h=R ¼ 0:07; n ¼ 1000 GPa, and v ¼ 100 GPa. In (c): h=R ¼ 0:03; n ¼ 0:1 GPa, and v ¼ 100 GPa. In (d): h=R ¼ 0:07; n ¼ 0:1 GPa, and v ¼ 100 GPa.
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tional approximation on the potential energy variation, and the
underlying kinematic assumptions which differ from those consid-ered herein. The former factor is not likely to be relevant due to the
fact that the ﬁnite element results from the commercial code
ABAQUS (see Appendix A), which are computed from a similar
(a) (b)
Fig. 7. Scaled shear resultant Qrh=h for different radial interface stiffness. In (a): n ¼ 1000 GPa and v ¼ 100 GPa. In (b): n ¼ 0:1 GPa and v ¼ 100 GPa. Dashed lines refer to
predictions of the linearized shell theory.
(a) (b)
Fig. 8. Scaled meridional stress membrane resultant NhhðhÞ=h for different radial interface stiffness. In (a): n ¼ 1000 GPa and v ¼ 100 GPa. In (b): n ¼ 0:1 GPa and v ¼ 100 GPa.
Dashed lines refer to predictions of the linearized shell theory.
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agreement with the proposed nonlinear formulation. These ﬁnd-
ings suggest that the proposed nonlinear analysis should be pre-
ferred over simpliﬁed formulations for predicting critical loads of
vinyl ester-glass syntactic foams commonly used in aerospace
and marine applications, see for example Bardella and Genna
(2001), Gladysz and Chawla (2004), and Gladysz et al. (2006).
With respect to the general approach we have presented in Sec-
tion 3, the buckling analysis in Jones et al. (2008) would corre-
spond to particularizing our implementation through the
following steps: the pre-buckled deformation of the shell is com-
puted from Eq. (29) by setting nðwÞ to zero; from the pre-buckled
deformation, the membranal force resultant Nhh is computed in
terms of the elastic and geometric properties of the system and
the remote stress from Eq. (14a) with the nonlinear contributions
set to zero (while the other membranal force resultants are set to
zero); the nonlinear stiffening effectrnðwÞ in Eq. (32) is estimated
by projecting an approximate version of the second summand in
the left hand side of Eq. (17a) with the already computed Nhh;
and the critical load is ﬁnally calculated as the smallest value ofthe compressive remote stress for which the tangent stiffness ma-
trix becomes singular. Speciﬁcally, by adapting these steps in our
implementation, we obtain differences with respect to the data
in Table 1 (row ‘‘Jones et al. (2008)’’) of less than 3:8%; this small
discrepancy is likely due to some minor approximation in the
derivation.5.5. Stress resultants proﬁles at the onset of buckling
Fig. 7 shows the effect of shell thickness and interface proper-
ties on the shear stress resultant Qrh, see Eq. (16), immediately be-
fore the onset of buckling. For ease of presentation, Fig. 7 displays
the scaled shear stress resultant Qrh=h which represents a measure
of the average state of shear stress in the shell. The cases of stiff-
ness parameters n ¼ 1000 GPa and 0:1 GPa with v ¼ 100 GPa are
displayed in Figs. 7(a) and (b), respectively. Results from the pro-
posed nonlinear formulation are superimposed in Fig. 7 to ﬁndings
from the linearized shell theory calculated in correspondence to
the same remote applied axial load.
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of the shear resultant in the shell increase and signiﬁcant devia-
tions from the linear theory can be observed. Qualitative similari-
ties can be observed in the cases n ¼ 1000 GPa and 0:1 GPa in the
general trends of the local maxima and of the angular location of
such maxima which tend to shift towards the shell north pole. As
the shell thickness increases, shifting away from the shell equator
is generally more evident. As the interface stiffness weakens, see
Fig. 7(b), reduction of the maxima can be observed, while angular
shifting of the maxima locations is enhanced. Also note that, as the
interface radial stiffness increases, load transfer appears to be en-
hanced and, for a ﬁxed shell thickness-to-radius ratio h=R, larger
values for Qrh=h are found for n ¼ 1000 GPa. In addition, wave-
lengths of the characteristic oscillation of Qrh=h along the circum-
ferential direction are shorter for thinner shells.
Fig. 8 illustrates the membrane resultant distribution Nhh, see
Eq. (14a). Results for the stress resultants immediately before the
onset of buckling are reported for different shell thicknesses and
different values of the radial stiffness n, while keeping ﬁxed the va-
lue v ¼ 100 GPa for the shear stiffness parameter. Fig. 8 displays
the scaled membrane resultant Nhh=h which represents a measure
of the average state of meridional stress in the shell. The cases of
stiffness parameters n ¼ 1000 GPa and 0:1 GPa with v ¼ 100 GPa
are displayed in Figs. 8(a) and (b), respectively. Results from the
proposed nonlinear formulation are superimposed in Fig. 8 to ﬁnd-
ings from the linearized shell theory calculated in correspondence
to the same remote applied axial load.
For the case of nearly perfect bonding, see Fig. 8(a), we observe
that the maximum absolute value of the meridional stress resul-
tant, observed at the shell equator, is not signiﬁcantly inﬂuenced
by the shell thickness h=R. Further, such value is generally compa-
rable to results obtained from the linear shell theory. Conversely, in
the shell north pole region, where minimum absolute values of the
meridional stress resultants are observed, dependence on the shell
thickness h=R is more evident and deviations from the linear the-
ory are emphasized. Such deviations are more noticeable for rela-
tively thick shells.
The case of weak interface, see Fig. 8(b), shows remarkable
qualitative differences from the case of nearly perfect bonding.
Speciﬁcally, we note that the shell north pole region is signiﬁcantly
less loaded due to limited radial load transfer. In addition, maxi-
mum compressive stress resultants identiﬁed at the shell equator
are generally smaller. Interestingly, the largest deviations from lin-0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
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Fig. 9. Curves of load–displacement jump across the interface. In (a): near predictions are observed in the neighborhood of the shell equa-
torial region and, consistently with previous discussions, they
appear to be maximized as the shell thickness increases.
5.6. Remarks
The radial displacement jump sv rtðp=2Þ across the interface at
the shell equator is displayed in Fig. 9 for n ¼ 1000 GPa and
0:1 GPa with v ¼ 100 GPa. Curves reported therein consist of an
initial segment in which, as the remote load is increased from zero,
the displacement jump is approximately linear with the value of
applied r1. A sudden increase in slope towards the terminal part
of the curves of load–displacement jump indicates that buckling
is about to occur in the neighborhood of the shell equator. Numer-
ical values of the displacement jump across the interface are con-
trolled by the interface stiffness parameters and shell thickness.
In particular, as the radial stiffness and shell thickness increase,
the equatorial displacement jump decreases.
Fig. 10 illustrates the effect of shell thickness on the buckling
patterns of the syntactic foam under compressive load for the cases
of nearly perfect and weak interface. By using the axisymmetry
condition, only a section in the xy plane is represented. Note that
symmetry of the shell deformed shape with respect to the equato-
rial plane y ¼ 0 is enforced through the selection of even spherical
harmonics in the Galerkin solution, see Lebedev (1972) and Jones
et al. (2008). Fig. 10 shows that buckling occurs in the vicinity of
the equator of the shell and, as the shell thickness increases, the
wavelength of the buckling pattern tend to decrease. These results
show qualitative similarities with ﬁndings from the linear buckling
analysis in Jones et al. (2008). In addition, the wavelength of the
buckling pattern is found to signiﬁcantly decrease when weak
interfaces are present.
5.7. Failure mechanisms in syntactic foams
To understand and identify the dominant failure mechanism in
syntactic foams, we focus on the failure of the embedded shell
using the Mohr–Coulomb failure criterion. Such criterion, recom-
mended for brittle materials such as glass, considers different ten-
sile and compressive properties to account for the possible
presence of ﬂaws or cracks which may play an important role in
the tensile response of the material, see for example Dowling
(1998). According to Wei et al. (1989), a large scatter exists on0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
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¼ 1000 GPa and v ¼ 100 GPa. In (b): n ¼ 0:1 GPa and v ¼ 100 GPa.
(a) (b) (c) (d) (e) (f)
Fig. 10. Buckling pattern for (a)–(c) nearly perfect inclusion-matrix bonding, n ¼ 1000 GPa and v ¼ 100 GPa, and (d)–(f) weak interface, n ¼ 0:1 GPa and v ¼ 100 GPa. In (a)
and (d): h=R ¼ 0:03. In (b) and (e): h=R ¼ 0:05. In (c) and (f): h=R ¼ 0:07. Dashed lines depict the undeformed shape.
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proposed therein for the compressive strength, see also Bardella
and Genna (2005). As a further example, Kschinka et al. (1986) pro-
pose compressive strength values ranging from 143 to 435 MPa for
glass spheres of diameter 0.368–0.051 cm, in the framework of a
two-parameter Weibull statistical analysis values accounting for
existence of ﬂaws and defects in the material. Compressive and
tensile strength reported in Campbell et al. (1983) take values in
the rather broad ranges 0:6894–1:3789 GPa and 0:1034–
0:206 GPa, respectively.
Notwithstanding such data scatter, by considering the average
value of the hoop stress estimated through N//=h reported in Ta-
ble 2, see also Fig. 5, we conclude that brittle fracture of the inclu-
sion is responsible for microballoon crushing before onset of
buckling for all the conditions explored in the present study. This
observation seems to further conﬁrm previous ﬁndings in the dis-
cussion of Fig. 4(a), where it is suggested that the main failure
mechanism in syntactic foams is likely not microballoon buckling.
To assess the effect of the matrix on the inclusion failure mode,
we investigate the critical load of an isolated microballoon under
compressive load. Governing equations in this scenario are derived
by replacing the vector q in Eq. (27) with the vector q1, whose
components are determined by replacing the terms r and s in
the integrals of Eq. (7) with the terms r1 and s1 from Eq. (6),
respectively. These equations are solved by following the same
numerical procedure described above. For shell wall thicknesses
equal to h=R ¼ 0:03;0:04;0:05;0:06, and 0:07, we ﬁnd r1 ¼
0:0466 GPa; 0:0731 GPa; 0:1021 GPa; 0:1335 GPa, and 0:1671 GPa,
respectively. Note that in the absence of the surrounding matrix,
a considerably lower number of spherical harmonics is needed to
obtain accurate solutions, namely, NP ¼ 12 against 48.
Critical load for the isolated inclusion under compressive load is
signiﬁcantly lower than the critical load of the inclusion embedded
in the matrix, see Fig. 4(b). Maximum compressive and tensile val-
ues for the hoop stress membrane resultant for the isolated micro-
balloon at 0:95r1 are evaluated to identify the failure mechanism
under the compressive load. At the north pole of the inclusion, we
ﬁnd the following maximum compressive average hoop stress
N//=h : 0:86 GPa; 1:06 GPa; 1:22 GPa; 1:38 GPa, and 1:51
GPa for shell wall thicknesses equal to h=R ¼ 0:03, 0.04, 0.05, 0.06
and 0.07, respectively. At the equator of the inclusion, we ﬁnd the
following maximum tensile average hoop stress N//=h : 0:85 GPa;
1:03 GPa;1:17 GPa;1:30 GPa, and 1:41 GPa for shell wall thicknesses
equal to h=R ¼ 0:03, 0.04, 0.05, 0.06 and 0.07, respectively. By com-
paring such values with compressive strength of the glass, it can be
observed that microballoons with thickness-to-radius ratio h=R lar-
ger than0.05 are likely to fail by brittle fracture before onset of buck-
ling. Conversely, the dominant failure mechanism for thinner
microballoons may be ascribed to buckling.A similar behavior is reported in Carlisle et al. (2007) for a thin
single compressed carbon microballoon. Therein, a transition re-
gion for the failure mode from fracture in ﬂexure to buckling for
a speciﬁc range of the radius-to-thickness ratio is identiﬁed. Thus,
we expect that, if experiments similar to those documented in Car-
lisle et al. (2007) were performed on glass microballoons, an equiv-
alent transition would be recovered with h=R ¼ 0:05 being
proximal to the thickness-to-radius ratio threshold for brittle fail-
ure. Such transition is not observed in syntactic foams due to the
role of the matrix which has the beneﬁcial effect of increasing
the critical load of the syntactic foam with respect to the critical
load of the isolated inclusion.6. Conclusions
In this work, we studied nonlinear buckling of an elastic spher-
ical shell imperfectly bonded to an inﬁnite elastic matrix subject to
a remote uniaxial compressive load. A nonlinear shell formulation
is used to derive stress and displacement ﬁelds in inclusion by
employing a variational method. A linear spring model is used to
model the interface between the shell and the matrix. The modi-
ﬁed Newton–Raphson method is used to solve the governing sys-
tem of algebraic equations stemming from a Galerkin projection
technique employing spherical harmonic functions. The instability
point of the embedded inclusion under uniaxial loading conditions
is obtained by identifying singularities in the tangent stiffness ma-
trix of the structure. Critical loads from analytical results are
validated through ﬁnite element analysis for the case of nearly per-
fect shell-matrix bonding and an extensive characterization of the
convergence properties of the proposed analytical method is
reported.
For glass particle-vinyl ester matrix systems, we investigated
the effect of nonlinearities in the pre-buckled state by comparing
linear and nonlinear solutions of the uniaxial compression problem
and evaluated the stress ﬁelds in the inclusion. We found that
signiﬁcant deviations from the linear solutions are observed as
the inclusion wall thickness increases and we identiﬁed the impor-
tance of a full nonlinear formulation in the prediction of the critical
load. Parametric studies were performed to investigate the effect of
geometric and interfacial characteristics on the critical loads. Com-
parisons with experimental results have highlighted that buckling
is likely not the main mechanism responsible for these syntactic
foams’ failure under compression. Yet, further studies incorporat-
ing particle-to-particle interactions are required to further sub-
stantiate this hypothesis, see for example Tagliavia et al. (2011a).
In addition, we found that the matrix has a noticeable stabilizing
effect in preventing the onset of buckling in the inclusion in favor
of brittle failure due to stress intensiﬁcation.
Table A.4
Mesh independence study. Domain size is as in the case H=R ¼ 70.
r1 ½GPa h=R ¼ 0:03 h=R ¼ 0:04 h=R ¼ 0:05 h=R ¼ 0:06 h=R ¼ 0:07
L10 0.3753 0.4536 0.5353 0.6212 0.7117
L12 0.3756 0.4536 0.5357 0.6218 0.7124
L18 0.3760 0.4539 0.5363 0.6225 0.7132
L24 0.3761 0.4541 0.5365 0.6227 0.7135
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A.1. Finite element analysis
Here, we offer some validation of the theoretical approach by
comparing analytical results against numerical ﬁndings from ﬁnite
element simulations. Material and geometric parameters are se-
lected consistently with the discussion in Section 5. A ﬁnite ele-
ment model is built to validate the analytical results on critical
load in the limit of a perfect matrix-inclusion interface by using
the commercial software package ABAQUS. By exploiting axisym-
metry and symmetry with respect to the y ¼ 0 plane, a two dimen-
sional model is created and only one quarter of the plane geometry
is modeled. We use the eigenvalue analysis available in ABAQUS/
Standard to simulate buckling. The lowest positive eigenvalue from
simulations represents the remote uniaxial load necessary to elicit
the ﬁrst buckling mode of the structure.
The ﬁnite element model consists of a spherical inclusion
embedded in a cylindrical domain; the shell and the matrix are
bonded together. A four node bilinear axisymmetric quadrilateral
elements (CAX4R) is used to discretize both the inclusion and the
matrix geometry. The constituent materials are selected as linear
elastic, homogeneous, and isotropic. In the ﬁnite element model,
sufﬁciently large dimensions of the computational domain are re-
quired to approximate the ideal case of inﬁnitely extended matrix.
A cylindrical domain is selected for the matrix in which the dimen-
sion H along the axis is equal to the diameter of the cylinder. The
axial length H of the matrix is selected as a multiple of the shell
mean radius R on account of a convergence study, discussed in
what follows, in which we progressively increase the matrix
dimension until domain independence in the results is achieved
while keeping ﬁxed the radius of the shell to the reference value
R ¼ 20 lm. Note that the volume fraction of the inclusion in the ﬁ-
nite element simulations varies as a function of the computational
domain dimensions and, to a lesser degree, of the inclusion wall
thickness h. Mesh reﬁnement in proximity of the inclusion-matrix
interface is chosen on account of the convergence analysis dis-
cussed below. Boundary conditions in the ﬁnite element model
are enforced as follows. Displacements of the nodes at x ¼ 0 and
y ¼ 0 are ﬁxed in the x and y directions, respectively. A uniform
compressive pressure load is applied on the top boundary of the
structure, that is, on the cylinder face at y ¼ H.
Results of the convergence study for domain independence are
reported in Table A.3. In this set of simulations, while keeping ﬁxed
to twelve the number of elements through the shell thickness, the
matrix size is varied to study domain independence of the results is
achieved. We focus on three different matrix dimensions, that is,Table A.3
Domain independence study. Twelve elements are used to discretize the shell
thickness.
r1 ½GPa h=R ¼ 0:03 h=R ¼ 0:04 h=R ¼ 0:05 h=R ¼ 0:06 h=R ¼ 0:07
H=R ¼ 5 0.3740 0.4530 0.5358 0.6230 0.7148
H=R ¼ 20 0.3753 0.4537 0.5357 0.6218 0.7125
H=R ¼ 70 0.3756 0.4536 0.5357 0.6218 0.7124H=R ¼ 5;20, and 70. Table A.3 shows that only negligible differ-
ences, never exceeding 0:4%, can be observed between the numer-
ical results. A second convergence study is conducted to assess the
mesh independence of the results by increasing the number of ﬁ-
nite elements in the discretization of the shell thickness. In this
study, while keeping the domain size as in the case H=R ¼ 70, we
employ four different meshes denoted as L10; L12; L18, and L24 using
10, 12, 18, and 24 elements in the shell thickness, respectively. Re-
sults for the critical load are reported in Table A.4 which illustrates
that discrepancies are generally within 0:3%. Therefore, we assume
the results to be converged and we employ ﬁndings from the mesh
L24 with H=R ¼ 70 for comparison with theoretical results, that is,
we use H ¼ 1:4 mm.
To provide further means of validation for the proposed analyt-
ical results, we conduct an additional set of simulations to track the
load–displacement path of the system by using the nonlinear static
analysis option available in ABAQUS/Standard. Simulations are
conducted on the mesh L24 with H=R ¼ 70 by increasing the value
of the remote compressive load from the zero value to the onset of
buckling and, further, beyond the instability point in the post-
buckling region. Simulations are interrupted when the solver fails
in attaining a converged solution within a prescribed number of
iterations, typically set by the user to 300. Occurrence of buckling
is then unambiguously determined from simulation results by
inspecting the deformed shape of the system. While this procedure
requires more computational time with respect to the dedicated
eigenvalue analysis subroutine, it allows for extracting the load–
displacement curve of the system. Indeed, the simulation output
includes the numerically determined load–displacement path
which can then be compared against results from the proposed
analytical procedure.
A.2. Convergence analysis of the analytical solution in the limit of a
nearly perfect interface
Here, we analyze the convergence properties of the proposed
analytical procedure by discussing results for the limiting case of
a nearly perfect interface, that is, n ¼ 1000 GPa and v ¼ 100 GPa.
Numerical values from the analytical solution are displayed in
Fig. A.11 as the number NP of spherical harmonic terms retainedFig. A.11. Convergence of the analytical solution with the number of modes NP
retained in the series representation. Analytical results are superimposed to ﬁnite
element simulations results.
(a) (b)
0.5134GPa
0.5568GPa
Fig. A.12. In (a): load–displacement paths for the different h=R cases. Solid lines correspond to analytical results from the proposed method and dashed lines refer to
numerical ﬁndings from nonlinear static ﬁnite element simulations. Note that ﬁnite element simulations for h=R ¼ 0:06 and 0:07 are interrupted before the onset of buckling
due to convergence issues in the implementation (critical loads for the other instances are 0:3697 GPa; 0:4456 GPa, and 0:5311 GPa for h=R ¼ 0:03;0:04, and 0:05). In (b):
detail of the load–displacement path for the case h=R ¼ 0:05. Red  and blue þ indicate the instability point in the analytical and numerical load–displacement path,
respectively. Insets illustrate ﬁnite element results for the shell pre-buckled and post-buckled deformed shape. (For interpretation of the references to color in this ﬁgure
legend, the reader is referred to the web version of this article.)
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12 to 48 in steps of 12 terms. Additionally, in Fig. A.11, results from
the analytical procedure over the explored range of h=R ratios are
superimposed to numerical solutions from the eigenvalue analysis
in the ﬁnite element simulations.
By comparing results in Fig. A.11, we note that, as the shell
thickness decreases from h=R ¼ 0:07 to h=R ¼ 0:03, a larger num-
ber of modes is generally required to achieve convergence. This
behavior can be explained by noting that a larger number of modes
is necessary to capture the relatively short wavelength patterns in
the buckling modes of thin-walled shells, see also Jones et al.
(2008) and Jones et al. (2009). Furthermore, converged results in
Fig. A.11 show that the critical load of the syntactic foam increases
as the shell thickness increases, varying in this case from
0:3516 GPa for h=R ¼ 0:03 to 0:7038 GPa for h=R ¼ 0:07.
Relative errors between the solutions in Fig. A.11 for the case
NP ¼ 48 and ﬁnite element results are given byTable A.5
Convergence of the analytical solution with the number of modes NP retained in the series
load r1 in GPa. In the columns ‘%’, we report percent errors against the solution with NP
h=R ¼ 0:03 % h=R ¼ 0:04 % h=R ¼
n ¼ 100 GPa
NP ¼ 12 0.4749 58.04 0.4732 24.17 0.508
NP ¼ 24 0.3043 1.26 0.3849 1.00 0.472
NP ¼ 36 0.3008 0.10 0.3857 1.21 0.473
NP ¼ 48 0.3005 0.3811 0.472
n ¼ 10 GPa
NP ¼ 12 0.2451 35.41 0.2799 10.90 0.337
NP ¼ 24 0.1811 0.06 0.2529 0.20 0.332
NP ¼ 36 0.1811 0.06 0.2532 0.32 0.332
NP ¼ 48 0.1810 0.2524 0.332
n ¼ 1 GPa
NP ¼ 12 0.1370 8.21 0.1910 0.05 0.259
NP ¼ 24 0.1266 0.00 0.1912 0.05 0.266
NP ¼ 36 0.1267 0.08 0.1913 0.10 0.265
NP ¼ 48 0.1266 0.1911 0.265
n ¼ 0:1 GPa
NP ¼ 12 0.1270 4.01 0.1847 1.55 0.256
NP ¼ 24 0.1221 0.00 0.1877 0.05 0.264
NP ¼ 36 0.1222 0.08 0.1877 0.05 0.264
NP ¼ 48 0.1221 0.1876 0.2646:5%;5:8%;3:0%;3:2%, and 1:4% as h=R increases from 0:03 to
0:07. That is, better agreement between analytical and numerical
results is observed for thicker shells. This evidence may be due to
the fact that as the thickness decreases, the wavelength of the buck-
ling pattern becomes smaller, see also Fig. 10, and possibly compa-
rable with the shell thickness. Thus, thin shells are likely to display
through-the-thickness deformations which are captured by the ﬁ-
nite element model while being discarded by the proposed shell
theory. Another source of discrepancy should be sought in the pro-
cedure utilized for the ﬁnite element analysis which is based on
computing the pre-buckled conﬁguration using linear elasticity,
which differs from the proposed approach, where the nonlinear
deformations of the shell are tracked during the entire loading path.
Fig. A.12 compares predictions of the proposed analytical
framework for the normalized equatorial radial displacement
wðp=2Þ=R as a function of the applied remote load r1 against the
nonlinear ﬁnite element results. Findings shown in Fig. A.12(a)representation for different interface parameters. Values displayed refer to the critical
¼ 48.
0:05 % h=R ¼ 0:06 % h=R ¼ 0:07 %
1 7.56 0.5690 1.92 0.6525 1.05
9 0.11 0.5651 1.22 0.6611 0.26
7 0.28 0.5583 0.00 0.6611 0.26
4 0.5583 0.6594
1 1.54 0.4108 1.18 0.5006 1.55
4 0.12 0.4182 0.60 0.5097 0.24
4 0.12 0.4181 0.58 0.5097 0.24
0 0.4157 0.5085
4 2.41 0.3426 1.78 0.4363 1.11
0 0.08 0.3501 0.37 0.4412 0.00
9 0.04 0.3496 0.23 0.4412 0.00
8 0.3488 0.4412
1 3.14 0.3456 1.85 0.4958 9.93
6 0.08 0.3520 0.03 0.4508 0.04
6 0.08 0.3520 0.03 0.4508 0.04
4 0.3521 0.4510
2326 A. Shams et al. / International Journal of Solids and Structures 50 (2013) 2310–2327demonstrate the accuracy of the proposed formulation to predict
the load–displacement path up to the onset of instability. In this
instance, for the sake of illustration, analytical load–displacement
paths are not interrupted at the onset of buckling but are further
continued in the post-buckling region. Note that transition to the
post-buckling region after r1 is identiﬁed in Fig. A.12 by a sudden
change in the slope of the load–displacement curves. While not
explicitly designed to investigate the post-buckling behavior of
the system, the proposed method is generally capable of qualita-
tively tracking the load–displacement path beyond the critical
load, as shown in Fig. A.12(b) for the representative intermediate
case h=R ¼ 0:05. Notably, critical loads estimated from the nonlin-
ear analysis for h=R ¼ 0:03;0:04, and 0:05 yield relative errors of
only 5:14%;3:48%, and 2:09% with respect to ﬁndings of the pro-
posed method, favoring the hypothesis that differences between ﬁ-
nite element results in Fig. A.11 for a broader range of particle
thicknesses are due to through-the-thickness effects and nonlinear
deformations prior to buckling.
A.3. Convergence analysis of the analytical solution for imperfect
interface
Here, we expand on the analysis of the convergence properties
of the proposed analytical solution by discussing results for the
critical load in the case of imperfect interface. We study the effect
of the radial interface stiffness n, varied in the range 0:1–100 GPa,
on the critical load value holding the shear stiffness parameter
ﬁxed, that is, v ¼ 100 GPa, for different shell thicknesses. Conver-
gence studies are conducted as in the previous subsection by
increasing the number of spherical harmonics retained in the
Galerkin solution NP from 12 to 48. Results are reported in
Table A.5.
Analysis of the critical load values and of their relative discrep-
ancies as the number of spherical harmonics NP is varied shows
that, by retaining only 48 modes in the Galerkin solution, yields
acceptable results which are generally well within an error of
approximately 1%. We further note that faster convergence, that
is, lower number of modes required in the solution, is generally
achieved as the radial stiffness decreases and the shell thickness
increases.
Appendix B. Details on the analytical solution implementation
The coefﬁcients for the entries of the blocks Bn, with n ¼ 2;4; . . .,
of matrix B in Eq. (26) are given in Tagliavia et al. (2010) as follows:
AðrrÞn ¼ mm þ nð2nðmm  1Þ þ 5mm  4Þ  1 ðB:1aÞ
AðrsÞn ¼ nðnþ 1Þð2mmn nþ 3mm  3Þ ðB:1bÞ
AðhrÞn ¼ ð2mmn nþ 3mm  3Þ ðB:1cÞ
AðhsÞn ¼ 4ðmm  1Þ þ nð2nðmm  1Þ þ 7mm  5Þ ðB:1dÞ
BðrÞn ¼ BðhÞn ¼ ðnþ 2Þðn2  2mmnþ n mm þ 1Þ ðB:1eÞ
The entries of the blocks Ln, with n ¼ 2;4; . . ., of matrix L in Eq. (28c)
are derived through projection of the shell governing equations on
the space spanned by the spherical harmonics. Integrals are evalu-
ated analytically and recurrence relations employing the orthogo-
nality of the spherical harmonics are identiﬁed. Speciﬁcally,
results are given as follows:
Ln11 ¼
4
ð2nþ 1Þ
~Kð1þ msÞ þ ~Dnðnþ 1Þ2 ½nðnþ 1Þ  1þ ms
 
ðB:2aÞ
Ln12 ¼ Ln21 ¼ 
2nðnþ 1Þ
ð2nþ 1Þ
~Kð1þ msÞ þ ~D½nðnþ 1Þ  1þ ms
h i
ðB:2bÞ
Ln22 ¼
2nðnþ 1Þ
ð2nþ 1Þ ½nðnþ 1Þ  1þ ms
~K þ ~D
h i
ðB:2cÞSimilarly, the entries of the diagonal matrix S are derived directly
from inspection of the right hand side of Eq. (17) and from Eq. (7)
as follows:
Srn ¼
2
2nþ 1 ; S
s
n ¼
2nðnþ 1Þ
2nþ 1 ðB:3Þ
Nonlinear terms in the shell governing equation appear in the vec-
tor function nðwÞ and are symbolically deﬁned through the follow-
ing relations stemming from the Galerkin projection step:
Nrn ¼ð1þmsÞ~K
XNP
i¼0;2;4;...
XNP
j¼0;2;4;...
wiwj
Z p
0
1
2
P0iðcoshÞP0jðcoshÞsinh
	 

 PiðcoshÞP0jðcoshÞsinh
	 
0i
PnðcoshÞdh
~K
XNP
i¼2;4;...
XNP
j¼0;2;4;...
uiwj
Z p
0
Pð1Þ
0
i ðcoshÞP0jðcoshÞsinh
h i0
PnðcoshÞdh
ms ~K
XNP
i¼2;4;...
XNP
j¼0;2;4;...
uiwj
Z p
0
Pð1Þi ðcoshÞP0jðcoshÞcothsinh
h i0
PnðcoshÞdh
1
2
~K
XNP
i¼0;2;4;...
XNP
j¼0;2;4;...
XNP
k¼0;2;4;...
wiwjwk

Z p
0
P0iðcoshÞP0jðcoshÞP0kðcoshÞsinh
h i0
PnðcoshÞdh ðB:4aÞ
Nsn¼
1
2
~K
XNP
i¼0;2;4;...
XNP
j¼0;2;4;...
wiwj
Z p
0
msP0iðcoshÞP0jðcoshÞcosh
	 
h
 P0iðcoshÞP0jðcoshÞsinh
	 
0i
Pð1Þn ðcoshÞdh ðB:4bÞ
Note that in Eq. (B.4b) a superimposed prime denotes differentia-
tion with respect to h. In the numerical implementation, integral
terms in Eq. (B.4b) are evaluated by using Gauss quadrature points,
see for example Lanczos (1988). The number of Gauss points is se-
lected as the smallest odd integer larger than 2:25NP to ensure
numerical accuracy and efﬁciency in the quadrature. Similarly, en-
tries in the term rnðwÞ in the tangent stiffness matrix in Eq. (32)
are symbolically evaluated from Eq. (B.4b).References
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